Using the core-mass approach, we have generated a vibrational-mass surface for the triatomic H 3 + . The coordinate-dependent masses account for the off-resonance nonadiabatic coupling and permit a very accurate determination of the rovibrational states using a single potential energy surface. 
I. INTRODUCTION
The smallest polyatomic ion H 3 + has been the subject of several, recent theoretical and experimental investigations. Despite having only two electrons, accurate modeling of H 3 + spectroscopy is far from being a trivial task. Prompted by the need of the astronomy community to characterize the spectrum of H 3 + [1] , recent works [2] [3] [4] [5] [6] [7] [8] have focused on its high-lying rovibrational energy states. Especially elusive [9] had been the states lying above the so-called barrier to linearity, i.e., 10 000 cm −1 above the zero-point level or 14 360 cm −1 above the bottom of the potential energy surface (PES). These states can access linear H 3 + configurations with non-negligible probability. Theoretical shortcomings had not allowed for a meaningful comparison with the experiment * leofisica@yahoo.com.br † rachid@fisica.ufmg.br ‡ alexander.alijah@univ-reims.fr § m.pavanello@rutgers.edu ludwik@u.arizona.edu ¶ o.polyansky@ucl.ac.uk ** j.tennyson@ucl.ac.uk in this high-energy region until the very recent works of Alijah [2] , Pavanello et al. [3, 4, 6] , and Jaquet et al. [7, 8] .
Until now the rovibrational spectrum of H 3 + has been measured with 0.01 cm −1 accuracy [10] . In a new experiment, Wu et al. [11] On the theoretical side, Pavanello et al. [3, 4] recently presented a very accurate global H 3 + PES, called GLH3P, which included diagonal adiabatic and relativistic corrections. Pavanello and co-workers used this PES to calculate rovibrational states located up to 5000 cm −1 above the barrier to linearity. This PES is also employed here as the potential in the nuclear Schrödinger equation, from which the rovibrational levels are determined. The ambiguity which still remains in the nuclear Schrödinger equation is what masses one should use to best describe the nuclear rovibrational motion [12] . The choice of these masses is the main topic of the present study.
In very accurate rovibrational calculations one needs to account for the fact that when nuclei displace during the vibrational motion some of the electron density, particularly that associated with the core electrons, follows the motion of the nuclei. This increases somewhat the masses of the moving nuclei. This effect is called the nonadiabatic coupling and it is usually accounted for using the perturbation theory where the first order correction to the electronic wave function is expanded in terms of higher electronic states. Far from curve crossings one can also use an effective treatment in accounting for this effect which involves modifying the nuclear masses used in the rovibrational calculations. This has been suggested by Bunker and Moss [13, 14] ; their theory leads to coordinate-dependent effective masses. Moss [15] derived optimized constant masses for the H 2 + system based on fully nonadiabatic calculations; these have become known as Moss masses. Jaquet and Kutzelnigg [16] , in their study of H 2 + and D 2 + , concluded that for isolated electronic states nonadiabatic effects on rovibrational states "have mainly to do with the participation of the electrons in the nuclear motion and hardly with a coupling of different electronic states," which supports the development of an effective-mass approach considered in this work. In the above-mentioned H 3 + rovibrational calculations by Pavanello et al. an effective-mass approach based on the Polyansky-Tennyson (PT) model [17] was employed. In this model the Moss H 2 + mass [15] is used as the effective vibrational H 3 + mass, while the rotational mass is kept as the bare-nuclear mass. The accuracy achieved for H 3 + by using the PT model was better than 0.2 cm −1 . The recent high J calculations of Jaquet and Carrington [8] are also based on the PT model. A fixed effective mass determined directly for H 3 + , which would lead to improvement of these results, has not, to our knowledge, been reported yet.
Mohallem and co-workers [18, 19] recently proposed an alternative procedure based on a separation of motions of core and valence electrons which uses core masses as the vibrational masses and empirical masses for the rotational masses. They tested those masses in calculations for H 2 , H 2 + , and deuterated isotopologues. As the masses are coordinate dependent, better results were obtained than those computed with the constant Moss masses. In the present work, the Mohallem et al. model is applied to H 3 + and a vibrational-mass surface is generated. The theoretical results for rovibrational states calculated with this surface are better than the PT results by about one order of magnitude. The results of the effective-mass calculations can further be improved by simple empirical scaling of the masses developed based on experimental data. Such data are now provided by Wu et al. Their results (with J 4) are used in this work to determine effective empirical vibrational and rotational masses. These masses give the best possible agreement with the experimental data within the effectivemass model. The empirical masses are also used in this work to predict rovibrational term values for higher J states (J 10) of the two lowest vibrational states.
II. THEORY
In highly accurate calculations of molecular rovibrational states the Born-Oppenheimer and adiabatic approximations might be too crude even for an off-resonance situation where the electronic state of interest is well separated from higher electronic states. This is, in particular, true for light molecules, as the neglected nonadiabatic terms scale as one over the reduced mass. For H 3 + in the electronic ground state the effect of the coupling to higher electronic states on the calculated rovibrational energies amounts to at least about 1 cm −1 in the energy region of up to 15 000 cm −1 . In general, when the nonadiabatic coupling between electronic states becomes strong, a system of coupled nuclear-motion equations needs to be solved to obtain accurate rovibrational energies. When the coupling is weak, which happens in the off-resonance case, a similarity transformation of the Hamiltonian can be performed that moves much of the nonadiabatic coupling to the diagonal (i.e., the PES) and the need to deal with the system of coupled equations can be avoided. Such an approach was developed by Bunker and Moss [13, 14] . It preserves the useful concept of a single PES. As Bunker and Moss showed, it is mathematically possible to represent such a transformation by making the reduced masses become functions of the internuclear distances. Furthermore, they suggested using different vibrational reduced masses from the rotational reduced masses. In their original work on H 2 + . In one such approach the constant mass used for each nucleus in H 3 + was the proton mass augmented with two-thirds of the electron mass [22, 23] . This mass was denoted as NU 23 [24] . However better results were obtained when the Moss mass derived for H 2 + was used instead [17] . This mass was roughly the proton mass augmented with about half the mass of an electron (see below). For a discussion of the different choices of masses see [25] .
It should be noted that, due to the weak coupling of the nuclear rotations with the electronic degrees of freedom, the rotational nonadiabatic effect is much smaller than the vibrational nonadiabatic effect. Thus, for the rotational reduced mass, the nuclear reduced mass can be used in the first approximation. In our recent investigation of highly excited rovibrational states of H 3 + situated above the barrier to linearity, we applied the PT model (the Moss vibrational mass and the nuclear rotational mass) and obtained the most accurate ab initio predictions of the rovibrational levels to date [3, 4] . The Bunker and Moss nonadiabatic model was also used by Schwenke for H 2 + and HD + [26] , and for H 2 and water [27] . Though all terms in his work were calculated ab initio, in the end some scaling of the results was found necessary to bring the results in better agreement with the experiment. One should also mention the work of Jaquet and Khoma [28, 29] where they made use of the Herman and Asgharian [30] approach to generate coordinate-dependent nuclear masses in investigating rovibrational spectra of H 2 + and H 2 . They also discussed the feasibility of applying the approach to H 3 + and showed two plots of a yet incomplete vibrational-mass surface restricted to configurations with the C 2v symmetry. In the present work, we employ the methodology suggested by Mohallem et al. [18] to obtain effective masses for H 3 + . A complete mass surface is generated and presented in a functional form.
A. Vibrational-mass surface
In the recent paper [19] , three of the present authors tested the effective-mass approach proposed by Mohallem et al. [18] . The tests involved constructing vibrational masses 032506-2 from the so-called atomic core masses. These core masses were obtained from the Mulliken population analysis [31] of the electronic charge distribution at the nuclei forming the system. The atomic electronic charges obtained from the Mulliken analysis have two types of components, diagonal and off-diagonal. Each diagonal component depends on the atomic orbitals belonging to the same atom, while each off-diagonal component depends on atomic orbitals of two different atoms. These latter components, as associated with the electronic charge densities on the bonds, are not included in the atomic electronic charges used here. By adding the mass m I of the nucleus I to the mass of the electrons at this nucleus, equal to the negative of the Mulliken electronic charge n I at nucleus I , the effective vibrational mass of the I nucleus is obtained:
Such an approach is based on an assumption that, when the I nucleus vibrates, this fraction of the total number of electrons vibrates with it. The vibrational reduced mass is then derived from the effective masses of the nuclei calculated according to (1) . As the effective masses are coordinate dependent, a mass surface for the considered molecular system can be generated. Our test calculations performed for H 2 and H 2 + , and their deuterated isotopologues, showed that the effective coordinate-dependent masses determined this way lead to significantly more accurate results for the rovibrational frequencies than the results obtained with constant masses [19] . In the present work we test the variable-mass approach in the calculations of rovibrational states of the H 3 + molecule. A vibrational-mass surface is generated and used in the rovibrational calculations.
In general, the effective vibrational masses of the three nuclei in the H 3 + molecule do not need to be the same. Unequal masses would be required, for example, to describe the highly excited vibrational states near the lowest dissociation threshold corresponding to fragmentation of the system into H 2 and H + , where interesting behavior is to be expected [32] . However, for the low-energy vibrational excitations considered in this work, it is reasonable to assume equal masses for the three nuclei. Thus, the three masses m A ( R), m B ( R), and m C ( R) are symmetrized by adding to each nuclear mass m I , I = A,B,C, a mass equal to the average number of electrons per nucleus, n( R):
n( R) is expressed, in the spirit of a many-body expansion of the potential energy surface [33] , as a sum of one-body, two-body, and three-body terms,
The constant one-body term n (1) is the average number of electrons that remains at each of the three nuclei upon their complete separation. The two-body terms n (2) (R) account for the modification of the one-body term in the situation when any two nuclei are close to each other and strongly interact while the third one is further away. The three-body term n (3) ( R) accounts for modification of the one-and two-body terms when all three nuclei strongly interact. Both, the two-body terms and the three-body term, vanish at the complete dissociation (atomization) of the system.
The possible three dissociation channels of H 3 + , where the molecule separates into a two-atom fragment and a oneatom fragment, identify the diatomic fragments. As the lowest dissociation limit for H 3 + is H 2 (X 1 + g ) + H + , all three twobody terms are equal and can be expressed as
where n H 2 (R) is the fractional number of electrons at each hydrogen in H 2 in the ground state (X 1 + g ). In the limit of R → ∞, the charge on each nucleus of H 2 must be that of an isolated hydrogen atom, which means lim R→∞ n H 2 (R) = 1. To make the two-body term vanish at large R, this limit has to be subtracted from n H 2 (R). The factor of 2/3 accounts for the fact that H 3 + is an ion and has only two electrons. In the limit of the complete dissociation H 3 + → 2H + H + the average charge density is given by the one-body term which is
In this limit, the effective atomic mass becomes
This is the so-called NU23 mass [24, 34] . Two comments need to be made here. First, due to symmetrization of the three masses, the separation into 2H + H + cannot be described by the model. This, however, does not pose a problem in the calculation when only low-energy bound vibrational states are considered. Second, the united atom limits corresponding to one, two, or all three internuclear distances approaching zero are not strictly implemented. This could have been done analogically to the double many-body expansion (DMBE) for the potential energy surface [35] , but was not considered relevant, as these configurations have very high energies and are not accessed by bound-state vibrations.
As mentioned, the effective electronic charges on the nuclei are determined in this work through the Mulliken population analysis. The analysis is performed using the GAMESS package [36, 37] . In our previous work we computed the Mulliken charges for H 2 on a dense grid 0.2a 0 R i 12a 0 , R i = 0.05a 0 , at the CI/cc-pV5Z level of theory. These data were interpolated using cubic splines. The same level of theory is applied in this work to calculate the Mulliken charges for H 3 + . The calculations are done for 187 geometrical configurations of the system, which comprise the "classic" 69 MBB (Meyer, Botschwina, Burton) [38] configurations augmented with the additional 118 configurations suggested by Polyansky et al. [39] . Next, the Mulliken charges are fitted with a polynomial expressed in terms of transformed symmetry coordinates, Q i (see, for example, Refs. [4, 40] ), as
The Q i coordinates define the integrity basis [41] , in terms of S a , S x , and S y , which are the usual symmetry coordinates. Following Meyer et al. [38] , the symmetry coordinates are represented as Morse coordinatesR i ,
where R i are the internuclear distances and β = 1.3 and R 0 = 1.65a 0 are the expansion parameters. T is the following rangedetermining factor ensuring that the three-body term goes to zero at large distances:
with γ = 0.2a
0 and x 0 = 11.0a 0 . A ten-degree polynomial with 67 adjustable parameters is used in the fitting. Configurations with one or more internuclear distances smaller than 0.7a 0 are omitted from the fit. As their energies are very high, they are not relevant in the calculations of bound states. The root mean square error E RMS of the fit is RMS = 6.16 × 10 −4 . Figure 1 shows this surface for symmetrical configurations using the Jacobi coordinates. Near the equilibrium configuration r 1 = 1.65a 0 and r 2 = 1.845a 0 , the electronic contribution to the vibrational mass amounts to about 0.3m e . When both distances become large, it approaches the NU 23 limit.
The present rovibrational calculations, which are based on our latest, very accurate potential energy surface, GLH3P, incorporating diagonal adiabatic and relativistic corrections [3, 4] , are performed with two codes: the DVR3D code [42] for the initial vibrational calculations, owing to its efficiency, and the hyperspherical code [43] for the final rovibrational calculations, as it permits use of full symmetry. As neither of these codes allows for directly using coordinate-dependent masses in the kinetic energy operator, the following iterative procedure, used before in our calculations on H 2 and H 2 + and deuterated isotopologues [19] , is employed:
where χ
is the wave function calculated with the mass m Two tests have been performed to ascertain the accuracy of the procedure. Prior to the tests the Mulliken charges have been calculated at all DVR points on a grid with 1100 configurations corresponding to 11 diatomic distances, ten values of the distance between the third particle and the center of mass of the first two, and ten values of the angular coordinate. The purpose of the first test was to verify if the new data are accurately reproduced by the fit. The test showed that the fit reproduces the data with RMS = 5.4 × 10 −3 . In the second test the vibrational states have been calculated on the Discrete Variable Representation (DVR) grid using the effective masses determined directly from the Mulliken analysis for each grid point. Though in this case the masses of the diatom are different from the third mass, the vibrational energies of the lowest states come out the same as obtained with the average mass defined in Eq. (2).
B. Rovibrational calculations using hyperspherical harmonics
Rovibrational calculations have been performed in the democratic hyperspherical coordinates defined by Johnson [44] . These hyperspherical coordinates are symmetric superpositions of the three systems of Jacobi coordinates. Thus, the symmetry with respect to the permutation of the three nuclei and with respect to inversion of the coordinate system is automatically implemented. A particularly effective hyperspherical approach is that of the hyperspherical harmonics suggested by Wolniewicz [43] . The harmonics depend on five coordinates and describe the motion of a three-particle system on a given hypersphere. For H 3 + this means that they describe the degenerate vibrational motion and the overall rotation. The hyperradial motion corresponds to the symmetric stretching vibration. When the rovibrational wave function is expanded in terms of the harmonics, a system of coupled equations expressed in terms of the hyperradius is obtained. This system is integrated numerically. As the hyperspherical harmonics describe the rotational problem analytically, the size of the expansion does not scale unfavorably with the rotational quantum number J . This is an attractive feature of the harmonics approach. We also note that the harmonics are readily symmetrized [45] .
Despite the intrinsic accuracy of the method, a problem arises in relation to the lack of the separability of the vibrational and rotational motions in the Hamiltonian and, thus, only one reduced mass appears. It is the three-particle reduced
To deal with this issue the following has been done. First, the calculations of pure vibrational states (J = 0) have been performed with the reduced mass obtained from the vibrational nuclear masses, while for the rovibrational calculations of the states with J = 0 rotational masses have been used. To obtain the desired term values for the case where the vibrational and rotational masses are different, a "fake" J = 0 vibrational calculation has been performed using the rotational mass. The rotational-term values obtained in this calculation are then added to the band origins calculated with vibrational masses to yield the final rovibrational energies: 2 ) = (0,0 0 ) and the first excited state (0,1 1 ) of H 3 + . These very accurate data provide an excellent opportunity to test the performance of the various effective-mass models. For example, the Moss mass model, which has been used before quite successfully, and our model of coordinate-dependent masses can be put into a stringent test. The tests can also help derive more efficient vibrational and rotational masses which better reproduce the experimental transition energies and allow for generating very accurate predictions for rotational terms not yet measured in the experiment. For the tests to be meaningful a very accurate PES is needed in the rovibrational calculations. Such a PES is the GLH3P PES [3, 4] . The accuracy of the ab initio energies in the PES and the accuracy of the analytical fit to this PES are better than 0.1 cm −1 . GLH3P is employed in the present work.
In the first step the PT [17] nonadiabatic model is tested. The model uses the constant vibrational mass proposed by Moss [15] for H 2 + and a constant rotational mass, which is derived in the usual way from the nuclear masses (see Table I ). The energies of the rovibrational states obtained with the model are presented in Table II . The results of a standard adiabatic calculation are listed for comparison. When comparing the calculated frequencies with the experimental ones, a linear behavior of the deviation as a function of the rovibrational energy is observed. Following Schiffels et al. [46] , the deviation can be expressed as the following function of the J rotational quantum number: 
(J,G) l denotes the rotational quantum numbers of the lower state. P , Q, and R denote spectra branches corresponding to J = J l − J u = −1,0,1, respectively. The G value is conserved, i.e., G = 0. The results obtained in the following different calculations are shown: AD, standard adiabatic calculation with nuclear vibrational and rotational masses; MM, calculation with Moss vibrational mass and nuclear rotational mass; CRM, calculation with core vibrational mass and empirical rotational mass according to Diniz et al. [19] ; emp, calculation with Moss vibrational mass and nuclear rotational mass with a posteriori empirical vibrational and rotational corrections according to Eq. (13); SCRM, calculation with scaled core vibrational mass and scaled averaged rotational mass. RMS is the root-mean-square value for the method. spread is the maximum difference between any two values of the deviation. All data are in wave numbers (cm −1 ). [48] related this parameter to the rotational constants and the diagonal elements of the g tensor for the rotational magnetic moment. When the calculated rovibrational energy values are corrected using function (13) , the accuracy of the predicted rovibrational frequencies is improved by two orders of magnitude. These data, denoted empirical (emp), are also shown in Table II . The parameter a 1 is also used later in this work to derive a more accurate rotational mass.
Let us now examine the results obtained using the core-mass plus rotational-mass (CRM) model, where our vibrationalmass surface is combined with the empirical, coordinatedependent rotational mass suggested by Diniz et al. [19] . This rotational mass changes from the nuclear mass near the equilibrium geometry to the atomic mass at large separations and it is parametrized as
Here a is the number of electrons at the particular atomic center (for example, a = 1 for H 2 , a = for H 3 + ), while α is the smoothness parameter and R T is the turning point. For H 2 , the numerical values of these parameters were fixed at α = 1.5a
and R T = 3.0a 0 . For a diatomic molecule X, Diniz et al. proposed the relation R T (X) = R T (H 2 )R eq (X)/R eq (H 2 ) and α(X) = α(H 2 )/[R eq (X)/R eq (H 2 )], where R eq is the equilibrium distance of the diatomic and R eq (H 2 ) = 1.4a 0 . Applying this procedure to H 3 + , where the equilibrium bond length is R eq (H 3 + ) = 1.65a 0 , yields a rotational mass surface, from which constant rotational masses for a particular vibrational state are generated using a similar procedure as used before for the vibrational mass, i.e., by calculating the expectation value of the mass surface with the vibrational wave function of the state considered. DVR3D [42] has been used to compute these averages and their numerical values are given in Table I Table II ). Also the spread of the rotational results is significantly reduced, from 0.022 to 0.009 cm −1 . In their work on H 2 and H 2 + , Diniz et al. improved their core-mass (CM) results by applying an empirical scaling to the vibrational mass (let us call such a scaled CM approach a SCM approach). The purpose of the scaling is to correct the shortcoming of the Mulliken population analysis which is known to be dependent on the basis set used in the calculation; a larger and more complete basis set does not always give the best Mulliken atomic charges. The problem is related to the distribution of the electronic charge between the diagonal and off-diagonal elements of the density matrix. The fact that there is a scaling factor, which, when applied to the results, leads to their uniform improvement, indicates that the core-mass approach is, in principle, valid, but perhaps the Mulliken charges are not the best to use to determine the core masses. If one studies transitions between just two vibrational states, an exact vibrational mass ratio for the two states can be obtained. To this end, an accurate value of the band origin of the (0,1 1 ) state relative to the hypothetical ground state (0,0 0 ) with J = 0 (this state is forbidden, the true ground state has J = 1), is derived from the experimental data with the help of the a 0 parameter, E acc = E MM + a 0 . The mass surface is then scaled to reproduce this term exactly. As this scaling factor, which is equal to f = 0.90, is close to 1, it indicates that the initial data are quite satisfactory. In Table I we present the numerical values of these scaled core masses.
Let us now turn to the optimization of the rotational mass. As we have seen, the use of the empirical rotational mass surface obtained from simple parametrization of Eq. (14) with the values of the two parameters related to those of H 2 , as suggested in [19] , leads to an immediate improvement of the predicted rotational term values over those obtained with the nuclear masses. The spread of the term values is reduced by nearly 60% to just 0.009 cm −1 . However, the rotational spread of the empirically corrected, emp, data is even lower and equal to 0.006 cm −1 , which suggests that the rotational mass surface can still be improved. The a 1 parameter can be used to achieve this, just as the a 0 parameter was used to scale the vibrational mass. In general, the direct use of an improved rotational mass in the rovibrational calculations is likely to yield more accurate results than an a posteriori empirical correction, because the a 1 parameter is derived from the new experimental data which include states with J 4. It is reasonable to expect that, when this parameter is used to predict the energies of higher J states, these energies are somewhat less accurate than the energies calculated for the J 4 states. To scale the rotational-mass correction with the help of the a 1 coefficient, we first assume the following expansion for the energy of the J rotational state:
which includes the lowest order term in J (J + 1) and a G term for nondegenerate vibrational states, i.e., l = 0. B and C are rotational constants. At equilibrium B ≈ 2C. A higher order expression of the rotational energy was given by Watson [49] , but is not needed here. The rotational constant B is inversely proportional to the rotational reduced mass, which itself is proportional to the effective atomic mass. In hyperspherical coordinates, for example, it is equal to the three-particle reduced mass, μ rot = m nuc / √ 3. Hence we obtain
The rotational mass m rot is readily obtained from this equation. The value of B is computed from the J = 0 and J = 1 states with G = 0 corresponding to the vibrational ground state (v 1 = 0, v 2 = 0, l = 0) using Eq. (15):
These states were chosen since G = 0 and hence the second term in Eq. (15) vanishes. The numerical value of the rotational constant and thus the rotational mass derived from it is much more accurate than the simple formula may suggest. This rotational mass can be used to scale the turning point parameter R T of the empirical formula, Eq. (14) . We employ such scaling in the rovibrational calculations involving the two lowest vibrational states (see Table I ). The use of the same rotational mass for the two vibrational states is justified by the fact that the a 1 parameter corrects rotational transition energies rather than the individual term values. Furthermore, the numerical value of this parameter was determined from a calculation with identical rotational masses. When a full rovibrational calculation is performed with these masses and the scaled core masses are used as vibrational masses, very accurate results are obtained. This model involving the scaled core vibrational masses and the scaled averaged rotational masses is denoted as SCRM in the further discussion. The SCRM results and their comparison with the experimental results and with the results obtained with the other models are presented in Table II We have also performed a test to verify if the mass-surface approach works equally well for D 3 + as it does for H 3 + . The (0,1 1 ) fundamental band of D 3 + has been studied experimentally [50] [51] [52] . Of the measured frequencies, we have analyzed those for transitions with J 4, i.e., 54 transitions. . Furthermore, use of the SCRM, with a scaling factor of the vibrational mass of 0.9, as used for H 3 + , and a rotational mass of m d + 0.1118m e , same increment as for H 3 + , give a further factor of 2 improvement in our predictions. The residual is only 0.0025 cm −1 , which may be compared with the experimental error bar of 0.002 cm −1 [51, 52] and 0.0005 cm −1 [50] .
B. Calculated rotational term values for the two lowest vibrational states
The SCRM model is used together with the GLH3P potential energy surface to compute very accurate term values for the two lowest vibrational states. The calculations are performed with the hyperspherical code assuming full symmetry. The absolute error of the SCRM term values is of the order of 0.01 cm −1 , while the frequencies derived from these term values are expected to be even more accurate. Hence our theoretical predictions are approaching the accuracy of the previous experiments.
The spectroscopic assignments provided by Schiffels et al. [53] for the J 7 state are used. States with higher J are assigned on the basis of their symmetry using the procedure described by Schiffels et al. Some of them can be compared with the list of states derived from the experimental data by Lindsay and McCall [10] . For higher values of J , some assignments become ambiguous due to strong level mixing. For this reason, we limit the calculation in this work to states with J 10. No experimentally derived term values are available for the rovibrational states (0,0 0 ) with J = 10, G = 10 and J = 10, G = 2 and (0,1 1 ) with J = 10, G = 11, J = 10, G = 10, and J = 10, G = 2.
IV. CONCLUSIONS
When a molecule vibrates, the atoms forming the system move about their equilibrium positions. This motion involves the nuclei of the atoms and some part of the electrons. It is reasonable to assume that all inner-shell (core) electrons move along with the vibrating nuclei, but only a part of the valence electrons is involved in this motion. It is also reasonable to assume that the electron density, which closely follows the nuclei in the vibrational motion, is not constant but depends on the geometry of the molecule in the particular phase of the motion. For example, for a diatomic molecule connected with a covalent bond the number of electrons which moves along with the nuclei when the geometry of the molecule is near the equilibrium geometry can be expected to be smaller than the number of the moving electrons at a geometry where the bond is elongated. This is because some of the electrons at equilibrium are involved in the bonding and do not move with the nuclei, while, when the bond is almost broken, some of the bonding electrons join the core electrons in following the nuclei in their vibrational motion. This simple picture suggests that one can easily improve the accuracy of the calculation of the rovibrational states of a molecule by adding some electronic mass to each nuclear mass and using such effective vibrational masses in the vibrational calculations. Furthermore, one can make these effective masses dependent on the molecular geometry.
The effective vibrational-mass model of Mohallem and co-workers (i.e., the core-mass model) is considered in this work in the calculation of the rovibrational spectrum of the H 3 + ion. The effective masses are obtained from the diagonal terms resulting from the Mulliken population analysis. It is shown that the model gives much improved results in comparison to using nuclear masses as the vibrational masses. It also gives improved results in comparison with the model of Bunker and Moss where the masses are determined from the analysis of the nonadiabatic corrections to the nuclear wave functions obtained from perturbation-theory calculations. Further improvement of the results is obtained by applying empirical scaling to the effective masses. The effective-mass model developed in this work is used to predict energies of some rovibrational states of H 3 + , which have not been measured yet. The predictions concern transition frequencies for highly excited rotational states and the two lowest vibrational states.
This work also shows that by using a simple, physically motivated, effective-mass model based on the Mulliken population analysis one can bypass the computational bottleneck of evaluating nonadiabatic corrections to the rovibrational levels with the use of the perturbation theory. Despite the simplicity of the effective-mass model very accurate results are obtained. Whether the model is equally accurate in describing states where both vibrational and rotational motions are excited to higher levels requires more testing. Such tests should be performed for the highest states known from the experiment near 16 000 cm −1 . There are also some theoretical issues in variable-mass calculations which need to be addressed. For example, Pachucki and Komasa [54] showed that the effective masses computed for H 2 using rigorous nonadiabatic theory can be larger than the masses of the nuclei plus the electron masses for internuclear distances near 4 a.u. However, these internuclear distances are only accessed in H 2 in highly excited vibrational states. Another issue is the problem with imposing the correct permutational symmetry in the rovibrational wave function. Using different geometry-dependent vibrational masses for the three H 3 + nuclei makes them "distinguishable." A question which arises is, can one still symmetry adapt the nuclear wave function? There is also a related question concerning the form of the kinetic energy operator representing the rovibrational motion. These issues will be discussed in our future work as will the treatment of asymmetric isotopologues whose spectra are known to be particularly sensitive to beyond Born-Oppenheimer effects [55] .
